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Iterative and Power Series Solutions
for the Large Deflection of an Annular

Membrane

ALLAN B. PIFKO* AND MARTIN A. GOLDBERGJ
Grumman Aircraft Engineering Corporation,

Bethpage, N. Y.

Nomenclature
a, b, X = inner, outer, and radius ratio (a/6) of annulus, respec-

tively
E, v = modulus of elasticity and Poisson's ratio, respectively
h = thickness
q = normal load intensity
r, p = physical and dimensionless (r/b) coordinates, respec-

tively
Sr, Se = dimensionless stress resultants, (hz/qzbzE)ll3(crr) <TQ)
U = dimensionless radial displacement, (hE/qb)2ls(u/b)
W = dimensionless deflection, (hE/qb)l!3(w/b)

Introduction

IN previous papers, J. 2 an iterative technique was em-
ployed to obtain approximate closed form solutions for

the large deflection of uniformly loaded circular plates and
membranes. A comparison of some of these solutions with
more exact results3"5 indicated that the iterative procedure
is suitable for engineering analysis. However, since the
solutions compared were characterized by a relatively uni-
form in-plane stress field, the question arose regarding the
accuracy and convergence of the iterative technique when
the variation of the membrane stresses is more pronounced.
This led to the investigation of the large deflection of a
uniformly loaded annular membrane fixed at the outer
boundary and free of tractions and support at the inner
boundary.

Earlier results2 indicate that the membrane stresses asso-
ciated with this problem vary significantly near the free
boundary. These results, which constitute a first approxi-
mate solution, are used herein to obtain a second approximate
solution by the iterative technique. In addition, a power-
series solution to the problem is presented. The accuracy
of the approximate solution6 is then demonstrated by com-
parison with the power-series solution for a range of inner
to outer radius ratios, A.

Governing Equations

The large deflection of an initially flat elastic membrane,
described by the Foppl-Hencky theory,2 is characterized by
two coupled nonlinear partial differential equations. For
the problem under consideration, the dimensionless form
of these equations, in rotationally symmetric polar coordi-
nates, is

(1)

(2)

where Eq. (2) is the first integral of the vertical equilibrium
equation, subject to the condition of a vanishing vertical
force at the inner edge, p = X. The associated stress-strain
and strain-displacement relations are taken in the usual form.

For subsequent use in the iterative technique, we require the
dilatation equation

d

Received December 31, 1963; revision received March 19, 1984.
* Research Engineer, Research Department.
f Formerly Head of Applied Mechanics, Research Depart-

ment; now Specialist Engineer, Structural Development Section,
Engineering Division, Republic Aviation Corporation, Farming-
dale, N.Y.

dW\* (1
(3)

which relates the sum of the principal strains to the mean
stress.

The formulation of the problem is completed by specifying
the remaining boundary conditions. They are, for an annular
membrane fixed at the outer edge, and free of tractions and
support at the inner edge,

W = U = 0 at p = 1

Sr = 0 at p = \

Iterative Procedure

(4a)
(4b)

The first step of the procedure is to neglect the right-hand
side of Eq. (1), and solve

for ST. However, since Eq. (5) is uncoupled from the trans-
verse equilibrium equation (2), satisfaction of all the in-
plane boundary conditions associated with Eq. (5) cannot
explicitly relate the normal load to the membrane stresses.
Therefore, only one of the in-plane boundary conditions is
satisfied, and the remaining unknown constant regulates
the magnitude of the stresses. Furthermore, this constant
serves to relate the normal load on the membrane to the in-
plane stress field. Thus, the first approximation for the
stresses ST

r comprises the functional form given by the solu-
tion to Eq. (5), multiplied by an undetermined "character-
istic unknown" constant, a\.

We then put Sr* in Eq. (2) and solve for the first approxi-
mation to the deflection Wi. The constant ai is evaluated
by establishing a displacement field U, which is compatible
with the stress field $/ and the normal deflection Wi. To
this end we put ST

J and Wi into Eq. (3) and solve for U.
Satisfying the required boundary conditions then determines
the characteristic unknown, oti. A refined first approximation
for the radial stress is now found by putting Wi in Eq. (1)
and solving for a new stress. This stress, denoted by ST

IR,
is explicitly associated with the deflection, whereas Sr* is
only implicitly related to the deflection through e*i. This
completes the first approximate set of solutions, namely,

• Wi, ai, and Sr
IB.

Further iterations can be found in an analogous manner.
In continuing the process, we take the next iteration Sr

n to
be composed of the functional form as given by ST

IR, multi-
plied by a new characteristic unknown, «2. Following the
same procedure just outlined, we arrive at the second set of
approximate solutions, namely, WiI} ce2, and Sr

IIR. Pro-
ceeding formally, we can obtain an nth set of approximate
solutions.

Approximate Solutions
Since the first iteration to this problem was presented

previously,2 it suffices only to record the numerical results
obtained (Figs. 1-3).

Fig. 1 Comparison of Wi
and Wu with W, the power
series solution, for X =

0.01, 0.4.
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Table 1 Coefficients ai, with v = 0.3, for various radius
ratios

X: 0 0.01 0.1 0.2 0.3 0.4
ai: 1.7245 1.724 1.713 1.678 1.625 1.553

In accordance with the iterative procedure, the second ap-
proximation for the radial stress is Sr

n = a^Sr
IR, where

Sr
IR is given in Ref. 2 and a2 is a characteristic unknown.

Then, after substituting Sr
n into Eq. (2), integrating, and

making use of Eq. (4), we obtain the second approximation
for the deflection

Wu = —
/3

x

ln

1 —

- V - (i - *>)

where
2(1 - X2)

(1 - y)(l - X4)
- V + (1+ !>)X2

(6)

To^find a2, we put Sr
n and Wn into Eq. (3) and integrate

to^ obtain the radial displacement. Satisfaction of the
boundary conditions leads to the expression for the charac-
teristic unknown,

X

- X2)
- v + (1 + *>)X2

(7)

with
3 - v - (1 - y)X2

1 - v + (1 + ?)X2

To'find the refined second approximation to the stress, we
substituteJjF// into Eq. (1) and solve the resulting equation,
subject^to the boundary conditions, and obtain

,„ -
- 2 1 - v

and, from the in-plane equilibrium equation,

S6
IIR = (d/dp)(pST"#) (8b)

Equations (6-8) constitute the second set of approximate
solutions to Foppl's equations, (1) and (2).

Exact Solution

The power-series analysis will be facilitated by introducing
the transformations / = p2$r and £ = p2 into Eqs. (1) and
(2). After solving for dW/d£ from Eq. (2) and substituting
the result into Eq. (1), we arrive at the controlling non-
linear differential equation

The transformed boundary conditions associated with Eq.
(9) are,

df2 -j- - (1 + v)i = 0 at f = 1 (lOa)

/ = 0 at f - X2 (lOb)

We now solve Eq. (9) by assuming that/(£) can be written
as

(11)

Fig. 2 Comparison of
ST

IR and Sr
IIR With Sr, Sr

the power series solu- .2
tion, for X = 0.01, 0.4. & Sr power series

The coefficients an are evaluated in the usual manner6 and
are, in terms of ai,

1
n(n - l)ai2

 ?

(n — m +

02 = -(1M2)

n
T (n - m + 2) X

with

(12a)

n > 2 (126)

(12c)

To determine ai, we put Eq. (11) into Eq. (lOa), and after
making use of (12), arrive at an algebraic equation6 involving
ai and X only. The solution of this equation for selected
values of X yields values of ai as shown in Table 1 .

Thus, the function /({) is completely determined and is

(13a)

(13b)

with

The radial stress is found from the definition of /(£), and
the circumferential stress follows directly from the in-plane
equilibrium equation (8b). To find W, we put Eq. (13a)
into Eq. (2), invert the series, and integrate termwise to
obtain

W = - -"{ + 2^1 Kl - X2)2 ~ (P2 ~ X2)2] +

55
[(1 - X2)4 - (p2 - X2)4] +

6a!r . . (14)

Equations (13a, 13b, and 14) constitute the exact solu-
tion to FoppPs equations, Eqs. (1) and (2).

Numerical Results

Numerical results obtained by the iteration procedure and
the power-series solution are shown in Figs. 1-3 for selected

So power series
s|»

Fig. 3 Comparison 6 _
of S8

IR and Se
IIR with g. ^

Sfi, the power series 6 V
solution, for X = 0.01, .4 -
0.4.
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values of the radius ratio6 X and for Poisson's ratio equal to
0.3.

Comparison of the iterative solutions with the more ac-
curate power-series solution demonstrates the rapid conver-
gence of the approximate solutions. Indeed, the agreement
between the stresses and deflection predicted by the second
approximation is within 1% of the results given by the series
solution. Thus, the second iteration is in essence an ap-
proximate closed form representation of the exact series
solution.
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ELECTRODE
MAT'S INSULATOR PRESSURE PROPELLANT

Surface Effects in a Pulsed Plasma
Accelerator
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Introduction

EXPERIMENTAL studies of several pulsed plasma ac-
celerators on a thrust stand showed that a significant

dropoff in impulse as well as changes in the plasma front
velocity and plasma sheet structure could occur during a test
that involves many thousands of consecutive discharges. The
dropoff in impulse has been observed for varying electrode
materials, insulator materials, energy per discharge levels,
propellants, vacuum chambers and background pressures,
polarity of the electrode assembly, initial surface preparation,
and with pinch-type plasma accelerators as well as coaxial
configurations (see Fig. 1).

The mechanisms responsible for observed changes that
occur during continuous operation of the accelerator have
been found to be related to the following surface effects:
1) outgassing of absorbed and adsorbed gas; 2) mass re-
moval from the electrodes and insulator assembly due to the
various erosion effects as well as the contribution of mass from
loose particles, organic monolayers, and foreign matter such
as trapped moisture, dust, etc.; 3) resistive changes due to
thermal, chemical, and metallurgical changes at the electrode
surface and deposition of ablated insulator material; and 4)
viscous boundary-layer and current boundary-layer effects.

This note will present and discuss the techniques and some
of the results of the experimental studies that have been car-
ried out for evaluating items 1 and 2.

Studies Pertaining to Outgassing

Experiments carried out with the same initial electrode and
insulator surface condition indicated that the magnitude of

Received March 23,1964.
* Staff Engineer, Power Conversion Division. Member AIAA.
f Principal Research Engineer, Power Conversion Division.

'
§'•<>•

1

i 0.8
oa.
ijae
1
UJ O4</)
z!
| 0.2

n

ALUMINUM
COPPER
ALUMINUM
ALUMINUM
ALUMINUM

>- X x

— 0 0 nxg* X9f

* • o °°? )̂y^x

•^^

—

_

-

-

, , , , , . , 1 ,

MYKROY
MYKROY
MYKROY
GLASS
MYKROY

D

Bs..
§ •

ll '

I08

ia8

%I04

jO .

TORR
TORR
TORR
TORR
TORR

A X

. ! S:

1 , 1 M i l l

NITROGEN
NITROGEN
NITROGEN
NITROGEN
HYDROGEN

I 9

1 1 1 1 MM

10 100 1000 10000 100000
NUMBER OF CONSECUTIVE DISCHARGS

Fig. 1 Some representative impulse data.

the impulse of the first few discharges of a test series could be
changed appreciably by methods that affect the level of out-
gassing prior to data taking. For example, it was found that
the impulse measured after a device had been operated
several hundred consecutive discharges could be raised
roughly 10 to 40% by venting the vacuum chamber to at-
mospheric pressure for periods less than 1 hr. Similarly, it
was found that heating the accelerator in the vacuum en-
vironment to a temperature of about 640 °B, prior to opera-
tion would lower the initial impulse by roughly 18%. Pres-
surizing the interelectrode spacing at 70 psi for a period of
16 hr prior to evacuation and operation raises the initial impulse
levels by roughly 10%.

A device was installed on the thrust stand which per-
mitted data to be obtained on the quantity of gas driven off
by outgassing during pump-down and during operation of the
accelerator and which also permitted the electrode-insulator
assembly to be isolated from oil vapor contamination during
the pump-down cycle. This device was a remotely controlled
capping mechanism that sealed off the interelectrode spacing
from the vacuum chamber. Figure 2 shows the accelerator
on a thrust stand with the capping mechanism in the with-
drawn position, thus permitting accelerator operation. Figure
3 shows the capping mechanism sealing the interelectrode
assembly from the vacuum chamber. This technique per-
mitted evaluation of only that gas which is evolved from the
surfaces in contact with the electrical discharge. Unlike
weighing procedures, the accelerator is not handled, and the
measurement could be carried out in the vacuum environ-
ment at any particular moment of interest.

To determine the quantity of gas desorbed during pump-
down, the interelectrode spacing is sealed by the remotely
controlled cap immediately after the normal evacuation

Fig. 2 Capping mechanism withdrawn.


